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Following our recenty proposed self-consistent mean-field approximation approach, we have done some re-
searches on the chiral phase transition of strong interaction matter within the framework of Nambu-Jona-Lasinio
(NJL) model. The chiral susceptibility and equation of state (EOS) are computed in this work for both two-flavor
and three-flavor quark matter for contrast. The Pauli-Villars scheme, which can preserve gauge invariance, is
used in this paper. Moreover, whether the three-flavor quark matter is more stable than the two-flavor quark
matter or not in quark stars is discussed in this work. In our model, when the bag constant are the same, the
two-flavor quark matter has a higher pressure than the three-flavor quark matter, which is different from what
Witten proposed in his pioneering work.
I. INTRODUCTION
It has long been believed that the quark stars or the materi-
als in the core of neutron stars are made up of strange quark
matter, with comparable amounts of u, d and s quarks. Some
pioneering discussions can be found in Refs. [1–7]. With the
lack of a first-principle understanding of the strong interac-
tion dynamics, these discussions are based on the MIT bag
model. For example, as Witten argues in his work Ref. [8],
when exerting the same pressure, the Fermi momentum of the
three-flavor quark matter is lower than the two-flavor quark
matter. In 1999, studies on the quark matter in compact stars
based on NJL-type models are performed [9, 10]. Again, fol-
lowing the Witten’s conjecture, only three-flavor NJL model
is considered in these works. However, in a recent study, the
authors find that two-flavor quark matter generally has lower
energy per baryon than normal nuclei and strange quark mat-
ter according to their model [11]. This result suggests that the
stability of quark matter is model dependent, and the interac-
tion plays an important role.
On the other hand, as is pointed out in the Refs. [12, 13],
there exist a contradiction between the picture of hadron de-
grees of freedom and the picture of quark degrees of freedom.
Although from the picture of hadron degrees of freedom, it
is generally believed that the system gradually changes from
hadronic to quark matter in the region of 2n0− 7n0, where
n0 is the nuclear saturation density [14]. From the picture of
quark degrees of freedom, the system will undergo the well-
known chiral phase transition along with the continuous in-
crease of the quark chemical potential to a critical value µc.
And in most effective quark models, the value of µc is 330-
380 MeV that is corresponding to a baryon number density
only around 2n0 [15–19]. To resolve this contradiction, a new
self-consistent method of mean-field approximation is devel-
oped in Refs. [12, 13] to calculate the phase diagram of quark
matter and the mass-radius relation of quark stars. In that
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model, the critical chemical potential µc of the chiral phase
transition can be greatly increased by changing the parameter
α which reflects the weight of different interaction channels in
the model. However, only two-flavor NJL model is discussed
and the three momentum cutoff regularization is adopted in
their model for simplicity. That means the this model is valid
only if one assumes that the cutoff involved is much larger
than all relevant momenta. So, the quark chemical potential
cannot be greater than this cutoff, which will place a restric-
tion on the maximal quark star mass based on the NJL model.
As an expansion of our previous work [13], both two-
flavor and three-flavor quark matter are explored in this work
based on the NJL model. While the three momentum cut-
off scheme is widely used in the NJL-type models, the Pauli-
Villars scheme that can preserve gauge invariance is used in
this paper. Especially, whether the three-flavor quark matter
is more stable than the two-flavor quark matter in the quark
stars is discussed. In Sec. II, we briefly introduce our self-
consistent mean field theory of the NJL model, and work out
the chiral susceptibility to specify the chiral phase transition
point, then obtain the phase diagram for both two-flavor and
three-flavor NJL models. In Sec. III, the equation of states
of two-flavor and three-flavor NJL models are derived to dis-
cuss the stability of quark matter. The mass-radius relation of
quark stars is also computed in this section to show the stiff-
ness of the equation of state. Finally, Sec. IV is the summary
and discussion of our work.
II. NJL MODEL AND PHASE DIAGRAM
NJL model is first developed by Nambu and Jasinio in 1961
as a phenomenologicalmodel to describe hadronic interaction
[20, 21]. Then, in 1974, Eguchi and Sugawara introduced a
two-flavor quark NJL model with up and down quarks [22].
In 1976, Kikawa generalized this model to three-flavor case
[23]. However, as is pointed in the Ref. [24], the authors
of the original NJL model failed to develop a self-consistent
mean-field theory of their model. In this paper, as what we did
in the Ref. [12], we combine both the original Lagrangian and
the Fierz identity of it to construct an equivalent Lagrangian
2that is proper for a self-consistent mean-field approximation:
LR = (1−α)L+αLF , (1)
where α is a free parameter that cannot be determined by
the model itself. Then, the mean-field approximation is per-
formed and the gap equation is obtained. More details of our
model can be found in Refs. [12, 13]. The results of two-flavor
model and three-flavor model are shown in Part II A and Part
II B of this section respectively.
A. TWO-FLAVOR NJL MODEL
The Lagrangian of two-flavor NJL model is given by
L= ψ
(
i/∂ −m
)
ψ +G
[
(ψψ)2+(ψiγ5ψ)2
]
, (2)
wherem is current quark mass and G denote the coupling con-
stant of four-fermion interaction. The Fierz identity of four-
fermion interaction term is
LF =ψ(i/∂ −m)ψ
+
G
8Nc
[2(ψψ)2+ 2(ψiγ5τψ)2− 2(ψτψ)2
−2(ψiγ5ψ)2− 4(ψγµ ψ)2− 4(ψiγµγ5ψ)2
+(ψσ µνψ)2− (ψσ µντψ)2].
(3)
Nc is the number of color. So, we construct our new La-
grangian and perform the mean field approximation:
< LR >=(1−α)〈L〉+α〈LF〉
=ψ(i/∂ −m)ψ + 2(1−α)g(〈ψψ〉ψψ)
+
αg
2Nc
ψ(〈ψψ〉− 2〈ψ+ψ〉γ0)ψ + constant.
(4)
Here, we would like to point out that the combination of the
original Lagrangian and the Fierz transformed Lagrangian in-
dicates not only the contribution of the leading order term of
the large Nc expansion but also the next leading term is con-
sidered in our model. The gap equation and expression of
effective chemical potential are:
M=m− 2(1−
11
12
α)g
∑
f=u,d
〈ψ f ψ f 〉
=m− 2G
∑
f=u,d
〈ψ fψ f 〉,
(5)
µ ′ =µ −
α
3
g
∑
f=u,d
〈ψ+f ψ f 〉
=µ −
α
3
12G
12− 11α
∑
f=u,d
〈ψ+f ψ f 〉,
(6)
where f = u,d, and m is the current quark mass. Our new
coupling constant g should be obtained by fitting the cou-
pling constant G at zero temperature and zero chemical po-
tential. The relation between them is G =
(
1− 1112α
)
g. From
the above expressions, we can see that the quark condensate
and number density is of essential importance to the computa-
tion of NJL model. It is well known that the NJL model is not
renormalizable, but in most studies, the three-momentum cut-
off is used as the regularization scheme. This regularization
scheme will place a restriction on the quark chemical poten-
tial and thus place a restriction on the maximal quark star mass
based on the NJL model [13]. So, the Pauli-Villars regulariza-
tion is adopted in this paper. Pauli-Villars regularization can
preserve gauge invariance and also leads to a higher maximal
quark star mass. In the framework of Pauli-Villars regulariza-
tion, the quark condensate of flavor f is [25]:
〈ψ fψ f 〉=−4MNc
∫
d4ξ
(2pi)4
1
ξ 2−M2
→−4MNcN f
∫
d4ξ
(2pi)4
(
1
ξ 2−M2
−
a1
ξ 2−Λ21
−
a2
ξ 2−Λ22
)
,
(7)
where f = (u,d),ξ = (ξ0,~ξ ) = (p0 + µ ′,~p) (µ ′ is effective
chemical potential), Λ1 and Λ2 are cutoff parameters. Nc rep-
resents the number of color and M is the effective quark mass
of flavor f in the gap equation. By selecting appropriate val-
ues of a1 and a2 we can make quark condensate finite. The
values are listed as 

a1 =
M2−Λ22
Λ21−Λ
2
2
,
a2 =
Λ21−M
2
Λ21−Λ
2
2
.
(8)
For simplicity, we can set the cutoff scales Λ1 = Λ2 = Λ after
the subtraction. So only one cutoff parameter is left. In the
finite temperature case, the final expression becomes:
〈ψ fψ f 〉=− 2MNc
∫
d3p
(2pi)3
[
1
Ep
(1− f − f )−
3E2Λ−E
2
p
2E3Λ
]
+MNc
∫
d3p
(2pi)3
E2p− 3E
2
Λ
E3Λ
(
fΛ + fΛ
)
+MNc
∫
d3p
(2pi)3
EΛE
2
p−E
3
Λ
E3ΛT
(
fΛ + fΛ
)
−MNc
∫
d3p
(2pi)3
Λ2−M2
E2ΛT
( f 2Λ + fΛ
2
).
(9)
Based on the same method, the number density can be ob-
tained:
〈ψ+f ψ f 〉= 2Nc
∫
d3p
(2pi)3
[
( f − f )−
(
fΛ − fΛ
)]
, (10)
3TABLE I: Parameters in Pauli-Villars regularization (two flavor).
mpi = 135 MeV and fpi = 94 MeV represent the mass and the de-
cay constant of pion respectively and the following parameters are
derived by fitting them [27].
mu(MeV) Λ(MeV) G(MeV−2)
5.0 1071 3.45× 10−6
where
fΛ(p,µ ′) =
1
1+ e
EΛ−µ ′
T
, (11)
f¯Λ(p,µ ′) =
1
1+ e
EΛ+µ ′
T
, (12)
f (p,µ ′) =
1
1+ e
E−µ ′
T
, (13)
f¯ (p,µ ′) =
1
1+ e
E+µ ′
T
. (14)
In these equations, E=
√
~p2+M2 and EΛ =
√
~p2+Λ2. We
first study the chiral phase transition under different values
of α at zero temperature.The parameters we choose is listed
in Table I. To determine the order of phase transition and the
location of it, the chiral susceptibility is also computed [26].
χm =
∂
∂m
〈ψψ〉. (15)
We assume the chemical potentials and current quark masses
of u and d quarks are equal to each other, so the quark number
densities and chiral susceptibilities of u and d quarks are also
the same. The quark number densities and chiral susceptibili-
ties with different α are shown respectively in Fig. 1 and Fig.
2. It can be seen from both Fig. 1 and Fig. 2, the quark number
densities and chiral susceptibilities are non-trivial when the
quark chemical potential is greater than around 308MeV. This
is a model-independent result that quarks can be excited from
the vacuum only if the chemical potential is comparable with
the constituent quark mass according to [28]. From Fig. 2 we
can see that the chiral phase transition is a crossover under the
Pauli-Villars regularization scheme no matter how large the
α is, which is different from the three-cutoff situation [12].
That means there is no critical end point (CEP) according to
our model. Although the CEP exists in most NJL-type models
with a three-momentum cutoff regularization scheme [29, 30].
Ref. [31] shows that the CEP can disappear if another regu-
larization scheme is implemented. Our result is in accordance
with Refs. [27, 31]. Besides, the phase transition point can
be remarkably postponed by increasing the parameter α in
our model. The phase transition is the result of the competi-
tion between different interaction channels, and the parameter
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FIG. 1: The quark number density as functions of chemical potential
at zero temperature (two flavor).
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FIG. 2: The chiral susceptibility as a function of chemical potential
at zero temperature (two flavor).
α in our model indicates the weights of different interaction
channels. So, if we change the value of α , the phase transi-
tion point will move accordingly. Here we would like to point
out that although from the Lagrangian it seems that only the
vector-isoscalar channel plays an important role, our model
are different from those models where a vector-isoscalar term
is added factitiously, because in physics the original NJL La-
grangian is damaged if there are other terms added by hand.
The phase diagram is Fig. 3.
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FIG. 3: The phase diagram of strongly interacting matter with differ-
ent parameter α (two flavor).
B. THREE-FLAVOR NJL MODEL
The Lagrangian of three-flavor NJL model is
LNJL = ψ
(
i/∂ −m
)
ψ
+G
8∑
a=0
[
(ψλ aψ)2+
(
ψ iγ5λ aψ
)2]
−K
[
detψ
(
1+ γ5
)
ψ + detψ
(
1− γ5
)
ψ
]
.
(16)
Where m is the current quark mass and G and K denote the
coupling constant. λ a is SU(3) generator in flavor space and
λ 0 ≡
√
2
31. The determinant is also in flavor space. The Fierz
identity of it is (according to Ref. [32], the contribution of
Fierz identity of six-fermion interaction term to gap equation
is the modification of coupling constant of K and it has noth-
ing to do with effective chemical potential, so we can ignore
the effect of it and just apply Fierz transformation to four-
fermion interaction term only.):
LF = ψ (¯i/∂ −m)ψ
−G
1
2
8∑
i=0
[(
ψγµλCi ψ
)2
−
(
ψγµ γ5λCi ψ
)2]
−K
[
detψ
(
1+ γ5
)
ψ + detψ
(
1− γ5
)
ψ
]
.
(17)
λC is the SU(3) generator in color space and λC0 ≡
√
2
31. We
just take color singlet into consideration to simply the compu-
tation , so in transformed four-fermion interaction, only the
term with λC0 will be reserved. Apply new self-consistent
mean field approximation to three-flavor NJL model, we can
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FIG. 4: The chiral susceptibility as a function of chemical potential
at zero temperature (three flavor).
get the final lagrangian:
LR =ψ(i/∂ −m0)ψ
+(1−α)g
8∑
a=0
[
(ψλ aψ)2+
(
ψ iγ5λ aψ
)2]
−αg
1
2
8∑
i=0
[(
ψγµλCi ψ
)2
−
(
ψγµγ5λCi ψ
)2]
−K
[
detψ
(
1+ γ5
)
ψ + detψ
(
1− γ5
)
ψ
]
.
(18)
Apply mean field approximation to the Lagrangian and the
only non-vanishing terms will be 〈ψψ〉and 〈ψγ0ψ〉. The gap
equations are:

Mu = mu− 4Gσu+ 2Kσdσs,
Md = md− 4Gσd + 2Kσuσs,
Ms = ms− 4Gσs+ 2Kσuσd ,
(19)
where M f ( f = u,d,s) are constituent quark mass, G = (1−
α)g,σu = 〈ψuψu〉,σd = 〈ψdψd〉,σs = 〈ψsψs〉. The expres-
sions of effective chemical potential are
µ ′f = µ f −
2
3
Gα
1−α
∑
f ′=u,d,s
〈ψ+f ′ψ f ′〉. (20)
The parameters are listed in Table II. We could derive the sus-
ceptibility at different chemical potentials of u quark, see Fig.
4. The phase transition keeps crossover as two-flavor condi-
tion. Carry on the steps we have done in two-flavor condition
and connect the µc at different temperature, we could draw the
phase diagram of quark matter (see Fig. 5).
50 100 200 300 400 500 600 700 800 900 1000
0
50
100
150
200
250
300
T(
Me
V)
m(MeV)
 a=0.1
 a=0.3
 a=0.5
 a=0.7
 a=0.8
FIG. 5: The phase diagram of strongly interacting matter with differ-
ent parameter α (three flavor).
TABLE II: Parameters in Pauli-Villars regularization(three flavor)
[33]. mpi = 138 MeV and fpi = 92 MeV denote the mass and decay
constant of pion respectively. mK = 495 MeV represents the mass of
K and mη ′ = 958 MeV is the mass of η′. The following parameters
are derived by fitting them.
mu(MeV) ms(MeV) Λ(MeV) GΛ2 KΛ5
11.8 327.8 743.3 5.885 175.5
III. THE EQUATION OF STATE ANDMASS-RADIUS
RELATION
To calculate the EOS for quark star model, the constraints
from equilibrium must be included [34].∑
qini = qunu+ qdnd + qsns+ qene+ qµnµ
=
2
3
nu−
1
3
nd−
1
3
ns− ne = 0,
(21)
and {
µd = µu+ µe,
µd = µs.
(22)
From the expression of quark number densities, the pressure
and energy densities can be obtained by [35–38]
P= P(µ = 0,M)+
∫ µu
0
ρ(µ ′)dµ ′, (23)
ε =−P+
∑
i
µiρi, (24)
where P(µ = 0,M) denotes the vacuum pressure, which is a
density-independent quantity andM is a solution of the quark
gap equation. It is usually associated with the bag constant
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FIG. 6: The pressure as functions of chemical potential for two-flavor
and three-flavor condition at different α .
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FIG. 7: Several EOSs with α = 0.1, 0.3, 0.5, 0.7, 0.8. With a fixed
negative pressure of vacuum: B = (100MeV)4, the stiffness of EOS
increases along with α .
P(µ = 0,M) = −B. Although the bag constant can be calcu-
lated from the NJLmodel, the results depend on the model and
parameters, and there is no reliable way from the first princi-
ple of QCD to calculate the value of the vacuum pressure.
Detailed discussion on the bag constant can also be found in
our previous work Ref. [13]. The bag constant has an em-
pirical domain which ranges from (100MeV)4 to (200MeV)4
[39, 40]. So, it is in this paper considered as an free param-
eter in this domain. To discuss the stability, the pressure as a
function of quark chemical potential is plotted in Fig. 6 and
then the EOSs with different parameters of both two-flavor
and three-flavor quark matter are separately plotted in Fig. 7
and Fig. 8 In our model, when the bag constant, α and the u
quark chemical potential are the same, two-flavor quark mat-
ter has a higher pressure than three-flavor quark matter, or, at
the same pressure, the two-flavor matter has a lower chemical
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FIG. 8: Several EOSs with α = 0.1, 0.3, 0.5, 0.7,0.8. With a fixed
negative pressure of vacuum: B= (100MeV)4, the stiffness of EOS
increases along with α .
potential, which is different from what Witten expects in his
paper [8]. Witten estimates the relation between quark chem-
ical potential and pressure based on the MIT bag model and
concludes that at the same pressure the quark chemical po-
tential of two-flavor quark matter is higher than that of three-
flavor quark matter, which means the particles on the Fermi
surface in a three-flavor quark matter have lower energy and
thus more stable. Besides, comparing the pressure of two
possible phases at the same chemical potential is a standard
way in thermal physics to determine which phase should ex-
ist. Therefore, the two-flavor quark matter is more stable than
the three-flavor quark matter in our model. However, it can
also be seen from the Fig. 6 that the pressure is influenced by
α and other parameters, and there is no physics basis that our
two-flavor model should has the same α as our three-flavor
model. They are actually two different models with different
sets of parameters. Because the NJL-type models are phe-
nomenologicalmodels where parameters such us the coupling
constant, the cutoff and the current quark mass are calibrated
by fitting hadronic data and Lattice QCD at zero temperature
and chemical potential. A two-flavor or a three-flavor model
can have several possible parameter sets. So, our result is also
model dependent. We suggest that no solid conclusion should
be made unless we have reliable model to describe quark mat-
ter. Finally, we would like to show that both the two-flavor
model and the three-flavor model can satisfy the constraints
on the mass-radius relationship from astronomy observations.
Certainly, the parameters can be restrained by the astronomy
observations. In astronomy, the most reliable observation ev-
idence is the existence of two-solar mass compact stars [41–
44]. Besides, the neutron star merger events GW170817 can
also provide constraints on the tidal deformation that can be
translated into the lower and upper limits of the neutron star
radius [45–47]. Our mass-radius relations of both two-flavor
quark stars and three-flavor quark stars compared with obser-
vations are shown in Fig. 9. If α is large enough, both two-
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FIG. 9: Mass-radii relations for two-flavor and three-flavor condi-
tion. The red line and blue line represent the two-flavor condition
with α = 0.9 and B = (100MeV)4 and three-flavor condition with
α = 0.8 and B= (120MeV)4 respectively. Masses are scaled by the
mass of sun: Msol . According to the tidal deformability constrain,
the lower radius limit of a 1.6-solar-mass neutron star is 10.7km, the
upper radius limit of a 1.4-solar-mass neutron star is 13.2km.
flavor and three-flavor models can construct a two-solar mass
neutron star. From the Lagrangian we can see that the vector-
isoscalar channel plays an important role in the Fierz trans-
formed Lagrangian after the mean-field approximation is per-
formed, and it is this term that increase the stiffness of EOSs.
IV. SUMMARY AND DISCUSSION
In this paper, we utilize an NJL-type model to study the
phase diagram of two-flavor and three-flavor quark matter
based on the Pauli-Villars cutoff scheme. A parameter α
that can change the position of chiral phase transition point is
introduced by our self-consistent mean-field approximation.
Our phase diagrams have no critical end point. Then, the
equation of states of both two-flavor quark matter and three-
flavor quark matter are calculated. We find that the two-flavor
quark matter is more stable than the three-flavor quark mat-
ter in our model, which is different from what Witten expects
based on the MIT bag model, but is in accordance with a re-
cent work [11]. This result indicates the significance of the
interaction between particles in the study of quark stars. So,
whether the three-flavor quark matter is more stable than the
two-flavor quark matter is model dependent. Up to now there
is no reliable way to give the answer. Finally, we obtain the
mass-radius relation of quark stars that can be compared with
observations to optimize the parameters in our model.
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